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CO-GORENSTEIN ALGEBRAS
SONDRE KVAMME AND RENE´ MARCZINZIK
Abstract. We review the theory of Co-Gorenstein algebras, which was
introduced in [4]. We show a connection between Co-Gorenstein algebras
and the Nakayama and Generalized Nakayama conjecture.
Fix a commutative artinian ring R and an artin R-algebra Λ. Let mod -Λ
be the category of finitely generated right Λ-modules, and let
D(−) := HomR(−, I) : (mod -Λ)
op → mod -Λop
denote the equivalence where I is the injective envelope of S1⊕S2⊕· · ·⊕Sn
and S1, S2, · · · , Sn is a complete set of representatives of isomorphism classes
of simple R-modules. Let
· · · → P1(DΛ)→ P0(DΛ)→ DΛ→ 0
be a minimal projective resolution of right Λ-modules and let
0→ Λ→ I0(Λ)→ I1(Λ)→ · · ·
be a minimal injective resolution of Λ as a right module. Recall that the
dominant dimension dom.dimΛ of Λ is the smallest integer d such that
Id(Λ) is not projective. We write dom.dimΛ =∞ if no such integer exists.
The following conjectures are important in the representation theory of artin
algebras.
(i) Generalized Nakayama Conjecture (GNC): If P is an inde-
composable projective right Λ-module, then P is a summand of
Pn(DΛ) for some n;
(ii) Nakayama Conjecture (NC): If dom.dimΛ = ∞, then Λ is
selfinjective.
Since dom.dimΛ = ∞ if and only if Pi(DΛ) is injective for all i ≥ 0 by
[8], it follows that GNC implies NC.
In this note we show a relation between these conjectures and the notion
of a Co-Gorenstein algebra, which was introduced by Beligiannis in [4]. More
precisely, we show that there exist implications
GNC
Proposition 21
=========⇒ Conjecture 1
Proposition 18
=========⇒ NC .
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where Conjecture 1 is as follows:
Conjecture 1. If Ωn(mod -Λ) is extension closed for all n ≥ 1, then Λ is
right Co-Gorenstein.1
We start by reviewing the construction and properties of Co-Gorenstein
categories. In particular, we give some equivalent properties for an algebra
to be right Co-Gorenstein, see Corollary 11. In Section 2 we show the
implications above.
Throughout the note R denotes a commutative artinian ring, Λ an artin
R-algebra. Also, we fix the notation
Ωn(mod -Λ) := {M ∈ mod -Λ | there exists an exact sequence
0→M → P1 → · · · → Pn with Pi ∈ mod -Λ projective for 1 ≤ i ≤ n}
1. Co-Gorenstein categories
Let A be an abelian category with enough projectives, and let P :=
Proj(A) denote the full subcategory of projective objects in A. The projec-
tively stable category A := A/P of A consists of the same objects as A, and
with morphisms
A(A1, A2) := A(A1, A2)/ ∼
where f ∼ g if f − g factors through a projective object. For a morphism
f : A1 → A2 in A we let f : A1 → A2 denote the corresponding morphism in
A. For each object A ∈ A choose an exact sequence 0→ ΩA→ P → A→ 0
where P is projective. The association A 7→ ΩA induces a functor Ω: A → A
[6, Section 3]. Furthermore, if 0→ K → Q→ A→ 0 is any exact sequence
with Q projective, then there exists a unique isomorphism
K
∼=
−→ ΩA (2)
in A which is induced from a morphism K → ΩA in A such that there exists
a commutative diagram
0 K Q A 0
0 ΩA P A 0
1A
for some morphism Q→ P .
Definition 3. The costabilization R(A) of A is a category with objects
consisting of sequences (An, αn)n∈Z where An ∈ A and αn : An
∼=
−→ ΩAn+1 is
an isomorphism in A. A morphism
(An, αn)→ (Bn, βn)
1This is Lemma 6.19 part (3) in [4]. Beligiannis claims that it follows immediately from
results in [2]. However, this is not clear to the authors, so we state it as a conjecture.
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in R(A) consists of a sequence (fn)n∈Z of morphisms fn : An → Bn in A
satisfying βn ◦ fn = Ω(fn+1) ◦ αn.
Remark 4. Here we explain the name and the universal property of the
costabilization. We follow the conventions in [7]. A category with sus-
pension is a pair (C, T ) where C is a category and T : C → C is a functor.
A weakly stable morphism
(F, φ) : (C1, T1)→ (C2, T2)
between two categories with suspension is given by a functor F : C1 → C2
together with an isomorphism φ : F ◦ T1
∼=
−→ T2 ◦ F . It is called stable if φ
is the identity morphism. Composition of weakly stable morphisms is given
by
(G,ψ) ◦ (F, φ) = (G ◦ F,ψF ◦G(φ)).
This gives a category where the objects are categories with suspensions,
and where the morphisms are the weakly stable morphisms. If (C, T ) is a
category with suspension, then we say that (C, T ) is stable if T : C → C is an
autoequivalence. Given a category with suspension (C, T ), we can associate
a stable category (R(C, T ), Tˆ ), called its costabilization, as follows: An
object of R(C, T ) is a sequence (Cn, αn)n∈Z where Cn ∈ C and αn : Cn
∼=
−→
TCn+1 is an isomorphism in C, and a morphism (Cn, αn) → (C
′
n, βn) in
R(C, T ) is a sequence (fn)n∈Z of morphisms fn : Cn → C
′
n in C satisfying
βn ◦fn = T (fn+1)◦αn. The autoequivalence Tˆ : R(C, T )→R(C, T ) is given
by
Tˆ (Cn, αn) = (Cn−1, αn−1).
Note that if we consider (A,Ω) as a category with suspension, then we have
that R(A,Ω) = R(A) where R(A) is as in Definition 3. Now for a category
with suspension (C, T ) there exists a weakly stable morphism
(R, γ) : (R(C, T ), Tˆ )→ (C, T )
where R : R(C, T ) → C is the forgetful functor sending (Cn, αn) to C0, and
γ : R ◦ Tˆ
∼=
−→ T ◦R is the isomorphism given by
RTˆ (Cn, αn) = C−1
α−1
−−→ T (C0) = TR(Cn, αn)
The costabilization satisfies the following universal lifting property: If
(F, µ) : (B,Σ)→ (C, T )
is a weakly stable morphism and (B,Σ) is stable, then there exists a unique
stable morphism (G, 1): (B,Σ)→ (R(C, T ), Tˆ ) satisfying
(R, γ) ◦ (G, 1) = (F, µ).
Explicitly, G is given by G(B) = (Bn, βn) where Bn = FΣ
−n(B) and
βn : Bn
∼=
−→ TBn+1 is given by
Bn = FΣ
−n(B)
µΣ−n−1(B)
−−−−−−−→ TFΣ−n−1(B) = TBn+1.
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This lifting property is dual to the universal extension property for the
stabilization [7, Proposition 1.1], whence the name costabilization.
We fix some notation. Let C(A) be the category of complexes in A. An
object in C(A) is denoted by
(P•, d•) := · · ·
d−2
−−→ P−1
d−1
−−→ P0
d0−→ P1
d1−→ · · ·
For each integer n ∈ Z we have functors
Zn(−) : C(A)→ A and Hn(−) : C(A)→ A
given by taking the nth cycles Zn(P•, d•) = Ker dn and the nth homology
Hn(P•, d•) := Ker dn/ im dn−1. We say that (P•, d•) is acyclic ifHn(P•, d•) =
0 for all n ∈ Z. We call a morphism (P•, d•)
f•
−→ (Q•, d
′
•) of complexes
null-homotopic if there exists morphisms hi : Pi → Qi−1 in A such that
fi = d
′
i−1 ◦ hi + hi+1 ◦ di for all i ∈ Z. Let Cac(P) denote the full subcat-
egory of C(A) consisting of acyclic complexes with projective components,
and letKac(P) denote the homotopy category of Cac(P). Explicitly, Kac(P)
has the same objects as Cac(P), and with morphism spaces
Kac(P)((P•, d•), (Q•, d
′
•)) = Cac(P)((P•, d•), (Q•, d
′
•))/ ∼
where f• ∼ g• if the difference f• − g• is null-homotopic.
Given (P•, d•) in Cac(P), we obtain an object (Zn(P•, d•), αn) in R(A)
where
αn : Zn(P•, d•)→ ΩZn+1(P•, d•)
is the induced isomorphism as in (2). Furthermore, given a morphism
f• : (P•, d•) −→ (Q•, d
′
•) in Cac(P) we obtain morphisms
Zn(f•) : Zn(P•, d•) −→ Zn(Q•, d
′
•)
in A for each n ∈ Z, and it is easy to see that they make the diagram
Zn(P•, d•) ΩZn+1(P•, d•)
Zn(Q•, d
′
•) ΩZn+1(Q•, d
′
•)
∼=
∼=
Zn(f•) ΩZn+1(f•)
commute where the horizontal isomorphisms are as in (2). Hence, we obtain
a morphism (Zn(f•) : Zn(P•, d•) −→ Zn(Q•, d
′
•))n∈Z in R(A), and therefore,
we have a functor
Cac(P)→R(A).
If f• is null-homotopic, then the morphism Zn(f•) : Zn(P•, d•) −→ Zn(Q•, d
′
•)
factors through Pn, and hence Zn(f•) = 0. Therefore, we get an induced
functor
Kac(P)→R(A)
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Proposition 5. The functor Kac(P)→R(A) is dense and full.
2
Proof. Let (An, αn) be an arbitrary object in R(A). By assumption, for all
n ∈ Z there exists an object Pn−1 ∈ P and an exact sequence
0→ ΩAn → Pn−1 → An → 0
Since An ∼= ΩAn+1 in A, there exists objects P
′
n−1, P
′′
n−1 ∈ P and an iso-
morphism An ⊕ P
′
n−1
∼= ΩAn+1 ⊕ P
′′
n−1 in A. This implies that there also
exists an exact sequence
0→ ΩAn −→ Qn−1 −→ ΩAn+1 → 0
in A where Qn−1 ∈ P. Hence, we obtain a complex (Q•, d•) in Kac(P)
with differential dn given by the composite Qn → ΩAn+2 → Qn+1. Further-
more, by construction the image of the complex (Q•, d•) under the functor
Kac(P)→ R(A) is the object (ΩAn+1,Ω(αn+1)). Since we have an isomor-
phism
(ΩAn+1,Ω(αn+1)) ∼= (An, αn)
in R(A) it follows that the functor Kac(P)→R(A) is dense.
Let (Q•, d•) and (Q
′
•, d
′
•) be complexes inKac(P) and let An = Zn(Q•, d•)
and A′n = Zn(Q
′
•, d
′
•) so that we have short exact sequences
0→ An
in−→ Qn
pn
−→ An+1 → 0
0→ A′n
i′n−→ Q′n
p′n−→ A′n+1 → 0
where dn = in+1◦pn and d
′
n = i
′
n+1 ◦p
′
n. Under the functorKac(P)→R(A)
these complexes correspond to objects (An, αn) and (A
′
n, α
′
n) in R(A). Let
(fn) : (An, αn)→ (A
′
n, α
′
n)
be an arbitrary morphism between these objects in R(A). For each n ∈ Z
choose a lifting gn : Qn → Q
′
n of fn+1 : An+1 → A
′
n+1. Since An = Ker pn
and A′n = Ker p
′
n, we get a unique morphism kn : An → A
′
n satisfying i
′
n ◦
kn = gn◦in. It is easy to see that kn = fn, and hence there exists a morphism
hn : An → Q
′
n−1 such that
p′n−1 ◦ hn = fn − kn.
Now since
d′n ◦ (gn − hn+1 ◦ pn) = d
′
n ◦ gn − d
′
n ◦ hn+1 ◦ pn
= i′n+1 ◦ fn+1 ◦ pn − i
′
n+1 ◦ (fn+1 − kn+1) ◦ pn
= i′n+1 ◦ kn+1 ◦ pn
2This functor is claimed to be an equivalence in Theorem 3.11 in [4]. It is not clear to
the authors why this is true.
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and
(gn+1 − hn+2 ◦ pn+1) ◦ dn = gn+1 ◦ dn = gn+1 ◦ in+1 ◦ pn
= i′n+1 ◦ kn+1 ◦ pn
it follows that the maps ln = gn − hn+1 ◦ pn : Qn → Q
′
n for all n ∈ Z induce
a map of chain complexes l• : (Q•, d•) → (Q
′
•, d
′
•). Since Zn(l•) = kn and
kn = fn, it follows that the functor Kac(P)→R(A) is full. 
Remark 6. It would be interesting to determine if the functor Kac(P) →
R(A) is an equivalence in general, or to find a counterexample and to de-
termine in which cases it induces an equivalence.
Let R : R(A) → A be the forgetful functor sending (An, αn) to A0, and
let
imR = {A ∈ A | A ∼= R(X) for some X ∈ R(A)}.
denote the essential image of R.
Definition 7. Let A be an abelian category with enough projectives. We
say that A is P-Co-Gorenstein if the following holds:
(i) The forgetful functor R : R(A)→ A is full and faithful;
(ii) If 0→ A1 → A2 → A3 is an exact sequence inA with A1, A3 ∈ imR,
then A2 ∈ imR.
3
The notion of Co-Gorenstein category was defined more generally for left
triangulated categories in [4, Definition 3.13] and for an exact category in
[4, Definition 4.9]. However, we only consider the case above.
Remark 8. We explain the name Co-Gorenstein: Let S(A,Ω) be the sta-
bilization of the pair (A,Ω), see [7]. By [7, Proposition 1.1] there exists
a functor A → S(A,Ω) which satisfies a universal extension property dual
to the universal lifting property stated in Remark 4 for R(A). Following
[4], the category A is called P-Gorenstein if there exists a full left triangu-
lated subcategory V ⊂ A such that the composite V → A → S(A,Ω) is
an equivalence of left triangulated categories, see [4, Definition 3.13]. This
coincides well with the terminology in the literature, since if A = Mod -Λ
where Λ is a noetherian ring, then A is P-Gorenstein if and only if Λ is an
Iwanaga-Gorenstein ring, i.e. if the left and right injective dimension of Λ
as a module over itself is finite [4, Theorem 6.9 and Corollary 6.11]. Since
the definition of P-Co-Gorenstein is in terms of the costabilization rather
than then the stabilization, this can explain the name.
3In [4, Definition 3.13] it is only required that R is full and faithful, and it is claimed
that this implies assumption (ii), see [4, Proposition 2.13 part (1)]. This is not clear to
the authors, so we include this assumption in the definition.
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Our goal in the remainder of this subsection is to give a different charac-
terization of P-Co-Gorenstein categories. To this end, let
Ω∞(A) := {A ∈ A | there exists an exact sequence
0→ A→ P0 → P1 → · · ·with Pi ∈ P ∀i ≥ 0}.
Lemma 9. Let A be an abelian category with enough projectives. Then
X ∈ imR if and only if there exists A ∈ Ω∞(A) such that A ∼= X.
Proof. This follows immediately from Proposition 5. 
The proof of the following result is essentially the same as in [1, Theorem
3.3], but for the convenience of the reader we reproduce the argument here.
Lemma 10. Let A be an abelian category with enough projectives, and let
A ∈ A. The following statements are equivalent:
(i) Ext1A(A,P ) = 0 for all P ∈ A projective;
(ii) The natural map A(A,A′)→ A(ΩA,ΩA′) is an isomorphism for all
A′ ∈ A;
(iii) The natural map A(A,A′)→ A(ΩA,ΩA′) is an isomorphism for all
A′ ∈ A for which there exists an exact sequence
0→ P → A′ → A→ 0
with P ∈ A projective.
Proof. We prove that (i) implies (ii). Consider the exact sequences
0 → ΩA
i
−→ P
p
−→ A → 0 and 0 → ΩA′
i′
−→ P ′
p′
−→ A′ → 0 with P and P ′
projective. Given a morphism ΩA
f
−→ ΩA′, the composite ΩA
f
−→ ΩA′
i′
−→ P ′
can be extended to a morphism h : P → P ′ since Ext1A(A,P
′) = 0. This
gives a commutative diagram
0 ΩA P A 0
0 ΩA′ P ′ A′ 0
i p
i′ p
′
f h g
with exact rows, where g is induced from the commutativity of the left
square. In particular, we get that Ωg = f . This shows that the natural map
A(A,A′) → A(ΩA,ΩA′) is an epimorphism. To prove that is a monomor-
phism, we assume that we are given a morphism g : A → A′ as above,
and that Ωg = f = 0. This means that f can be written as a composite
ΩA
u
−→ Q
v
−→ ΩA′ where Q is projective. As Ext1A(A,Q) = 0 we get that u
comes from some w : P → Q. Since (h − i′vw)i = 0, there is a t : A → P
such that t ◦ p = h − i′vw. The morphism t is then a lifting of g to P ′.
In particular, g = 0. Hence, the map A(A,A′) → A(ΩA,ΩA′) is also a
monomorphism, and therefore an isomorphism.
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Obviously, (ii) implies (iii), so it only remains to show that (iii) implies (i).
Let 0→ P → A′
f
−→ A→ 0 be an arbitrary exact sequence with P projective.
We want to show that it is split exact. Let 0 → ΩA → Q → A → 0 be
an exact sequence with Q projective. The pullback of f along Q → A
shows that Ωf : ΩA′ → ΩA is an isomorphism in the stable category. By
assumption, if h is its inverse, then h = Ωg for some g : A → A′. The
same assumption applied to the pair A,A shows that the map A(A,A) →
A(ΩA,ΩA) is an isomorphism and therefore f ◦ g = 1. But an epimorphism
in a module category is split if and only if it is a split epimorphism in the
stable category, see [9, Proposition 5.4]. Thus f is a split epimorphism. 
Let
1⊥P := {A ∈ A | Ext1A(A,P ) = 0 for all P ∈ P}
⊥P := {A ∈ A | ExtiA(A,P ) = 0 for all P ∈ P and i ≥ 1}
A complex (P•, d•) in Cac(P) is called totally acyclic if the complex
· · ·
−◦d1−−−→ A(P1, Q)
−◦d0−−−→ A(P0, Q)
−◦d−1
−−−−→ · · ·
is acyclic for any Q ∈ P. An object A ∈ A is called Gorenstein projective if
A = Z0(P•, d•) for some totally acyclic complex (P•, d•). The subcategory
of Gorenstein projective objects in A is denoted by GP(A).
Corollary 11 (Theorem 4.10 in [4]). Let A be an abelian category with
enough projectives. The following statements are equivalent:
(i) A is P-Co-Gorenstein;
(ii) Ω∞(A) ⊂ 1⊥P;
(iii) Ω∞(A) ⊂ ⊥P;
(iv) Ω∞(A) = GP(A).
Proof. Let Ωˆ : R(A)→R(A) be the autoequivalence given by Ωˆ(An, αn) =
(An−1, αn−1). Then there exists an isomorphism R ◦ Ωˆ ∼= Ω ◦ R. Hence, if
A is P-Co-Gorenstein, then R is an equivalence onto imR, and therefore
Ω: imR → imR is also an equivalence. It follows that Ω∞(A) ⊂ 1⊥P by
Lemma 9 and Lemma 10, which proves (i) =⇒ (ii). The implications (ii)
=⇒ (iii) and (iii) =⇒ (iv) are straightforward. For (iv) =⇒ (i), note first
that Ω: imR → imR is full and faithful by Lemma 9 and Lemma 10. Let
(fn) : (An, αn)→ (A
′
n, α
′
n) be a morphism in R(A). For n < 0 we can write
fn as a composite
An ∼= Ω(An+1) ∼= · · · ∼= Ω
−n(A0)
Ω−n(f0)
−−−−−→ Ω−n(A′0)
∼= · · · ∼= A′n (12)
and for n > 0 we can write Ωn(fn) as a composite
Ωn(An) ∼= Ω
n−1(An−1) ∼= · · · ∼= A0
f0
−→ A′0
∼= · · · ∼= Ωn(A′n) (13)
Hence, if f0 = 0 then fn = 0 for n < 0 and Ω
n(fn) = 0 for n > 0.
Since Ω is faithful, it follows that fn = 0 for all n ∈ Z, and therefore R
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is faithful. To show that R is full, we chose again two objects (An, αn) and
(A′n, α
′
n) in R(A), and we let f0 : A0 → A
′
0 be an arbitrary morphism in
A. Define morphisms fn : An → A
′
n for n < 0 and gn : Ω
n(An) → Ω
n(A′n)
for n > 0 in A by equation (12) and (13), respectively. Since Ω is full
and faithful, there exists for each n > 0 a unique morphism fn : An → A
′
n
satisfying Ωn(fn) = gn. A straightforward computation then shows that
(fn) : (An, αn) → (A
′
n, α
′
n) is a morphism in R(A), and hence R is full.
Finally, part (ii) in the definition of P-Co-Gorenstein holds since GP(A) is
closed under extensions and by Lemma 9. Hence, the claim follows. 
2. Co-Gorenstein Artin algebras
We now restrict ourselves to the case where A = mod -Λ and P =
Proj(mod -Λ) for an artin R-algebra Λ.
Definition 14. Λ is right Co-Gorenstein if mod -Λ is P-Co-Gorenstein.
By the above results we know that Λ is right Co-Gorenstein if and only
if one of the following equivalent conditions hold:
(i) Ω∞(mod -Λ) ⊂ 1⊥Λ;
(ii) Ω∞(mod -Λ) ⊂ ⊥Λ;
(iii) Ω∞(mod -Λ) = GP(mod -Λ).
Note that any Iwanaga-Gorenstein algebra is Co-Gorenstein. The follow-
ing example shows that the converse is not true.
Example 15. Let Λ := k[x, y]/(x2, xy, yx, y2), and let S be the unique
simple Λ-module. Λ is a 3-dimensional local algebra with a two dimensional
socle, and therefore Λ is not an Iwanaga-Gorenstein algebra as a local artin
algebra is a Iwanaga-Gorenstein algebra if and only if it has simple socle.
Note that
Ω1(mod -Λ) = addS ⊕ Λ,
because Λ is a radical square zero algebra and thus every kernel of a pro-
jective cover is semisimple. Hence, if M ∈ Ω∞(mod -Λ) then M ∼= Λn ⊕ Sm
for m,n ≥ 0. Note that in a local algebra, every module has projective
dimension zero or infinite and thus the cokernel of a monomorphism of the
form Λn → Λr is projective. Therefore, any monomorphism Λn → Λr is
split. It follows that Sm ∈ Ω∞(mod -Λ). On the other hand, if there exists
an exact sequence
0→ Sm1 → Λm2 → Sm3 → 0
then we must have m1 = 2m2 = 2m3. In particular, we have that S
m /∈
Ωs(mod -Λ) if 0 < m < 2s−1. Since Sm ∈ Ω∞(mod -Λ) we must have that
m = 0 and hence
Ω∞(mod -Λ) = addΛ ⊆ ⊥Λ.
Therefore, Λ is right Co-Gorenstein. Finally, note that
⊕
i∈Z
S ∈ Ω∞(Mod -Λ).
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where Mod -Λ is the category of all right Λ-modules, not necessarily finite
dimensional. Since Gorenstein projective modules are closed under direct
summands and S is not Gorenstein projective, it follows that Mod -Λ is not
P-Co-Gorenstein.
Our goal now is to prove the implications between the conjectures. Fix a
minimal projective resolution
· · · → P1(DΛ)→ P0(DΛ)→ DΛ→ 0
and a minimal injective resolution
0→ Λ→ I0(Λ)→ I1(Λ)→ · · ·
of Λ as a right module. Let Xn := addΩ
n(mod -Λ) denote the smallest
additive subcategory of mod -Λ which contains Ωn(mod -Λ) and is closed
under direct summands. Note that Xn 6= Ω
n(mod -Λ) in general, see the
example after Proposition 3.5 in [2].
Theorem 16. The following are equivalent for n ≥ 1:
(i) Ωk(mod -Λ) is extension-closed for 1 ≤ k ≤ n;
(ii) Xk is extension-closed for 1 ≤ k ≤ n;
(iii) inj.dimPk(DΛ) ≤ k + 1 for 0 ≤ k < n.
Proof. This follows from [3, Theorem 4.7]. 
Unfortunately, the conditions in Theorem 16 are not left-right symmetric,
see the paragraph after Corollary 2.8 in [2]. However, the following result
shows that after a small modification one obtains a symmetric condition.
Theorem 17. Let n ≥ 1 be an integer. The following are equivalent:
(i) inj.dimPk(DΛ) ≤ k for all 0 ≤ k < n;
(ii) proj.dim Ik(Λ) ≤ k for all 0 ≤ k < n.
Proof. This follows from [5, Theorem 3.7]. 
We now show that Conjecture 1 implies NC
Proposition 18. The following holds:
(i) If dom.dimΛ = ∞ and Conjecture 1 holds, then Λ is right Co-
Gorenstein;
(ii) If dom.dimΛ = ∞ and Λ is right Co-Gorenstein, then Λ is selfin-
jective;
(iii) Conjecture 1 implies NC.
Proof. Part (i) follows from Theorem 16 and Theorem 17. We prove part (ii).
Let i : Λ→ I0(Λ) denote the injective envelope. We have exact sequences
0→ Λ
i
−→ I0(Λ)→ Coker i→ 0 (19)
and
0→ Coker i→ I1(Λ)→ I2(Λ)→ · · · . (20)
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Note that Coker i ∈ Ω∞(mod -Λ) if dom.dimΛ = ∞. Furthermore, Λ is
selfinjective if and only if the sequence (19) is split, and this holds if Coker i ∈
⊥Λ. By Corollary 11, this proves part (ii). Part (iii) follows from part (i)
and (ii). 
We now show that GNC implies Conjecture 1.
Proposition 21. The following holds:
(i) Suppose the GNC holds. If Ωn(mod -Λ) is extension closed for all
n ≥ 1, then inj.dimΛ <∞ as a right Λ-module;
(ii) If inj.dimΛ <∞ as right Λ-module, then Λ is right Co-Gorenstein;
(iii) GNC implies Conjecture 1.
Proof. By Theorem 16 we have that inj.dimPn(DΛ) ≤ n + 1 for all n ≥ 0.
Now write Λ = P0 ⊕ · · · ⊕ Pm as a sum of indecomposable projective Λ-
modules. Since GNC holds, there exists integers s0, s1, · · · , sm such that
Pi is a direct summands of Psi(DΛ). Let s := max{s0, · · · , sm} + 1. Then
inj.dimPi ≤ inj.dimPsi(DΛ) ≤ si + 1 ≤ s for all 0 ≤ i ≤ m. Hence, it
follows that inj.dimΛ ≤ s <∞.
For part (ii), assume inj.dimΛ = s, and let M ∈ Ω∞(mod -Λ). Then
there exists an exact sequence
0→M → P1 → · · · → Ps → K → 0
in mod -Λ with Pi projective. It follows by dimension shifting that
ExtiΛ(M,Λ)
∼= Exti+sΛ (K,Λ).
Since inj.dimΛ = s, we have Exti+sΛ (K,Λ) = 0 for all i ≥ 1. This shows
that M ∈ ⊥Λ, and hence Λ is Co-Gorenstein by Corollary 11. Part (iii)
follows immediately from part (i) and (ii). 
Remark 22. In Propositon 21 part (ii) we actually prove that
∩n≥1Ω
n(mod -Λ) ⊆ ⊥Λ.
However, under the assumption that Ωn(mod -Λ) is extension closed for all
n ≥ 1, we have that
Ω∞(mod -Λ) = ∩n≥1Ω
n(mod -Λ).4
In fact, by [3, Theorem 1.7 part b) and c)] we get that the modules in
∩n≥1Ω
n(mod -Λ) can be identified with the modules which are n-torsion
free for all n, and it is easy to see that these modules are contained in
Ω∞(mod -Λ).
4Beligiannis claims this holds without any extra assumptions on Λ, see the paragraph
before Theorem 3.17 in [4]. The authors do not see why this is true.
12 SONDRE KVAMME AND RENE´ MARCZINZIK
References
[1] Ibrahim Assem, Apostolos Beligiannis, and Nikolaos Marmaridis. Right triangulated
categories with right semi-equivalences. In Algebras and modules, II (Geiranger, 1996),
volume 24 of CMS Conf. Proc., pages 17–37. Amer. Math. Soc., Providence, RI, 1998.
[2] Maurice Auslander and Idun Reiten. k-Gorenstein algebras and syzygy modules. J.
Pure Appl. Algebra, 92(1):1–27, 1994.
[3] Maurice Auslander and Idun Reiten. Syzygy modules for Noetherian rings. J. Algebra,
183(1):167–185, 1996.
[4] Apostolos Beligiannis. The homological theory of contravariantly finite subcategories:
Auslander-Buchweitz contexts, Gorenstein categories and (co-)stabilization. Comm.
Algebra, 28(10):4547–4596, 2000.
[5] Robert M. Fossum, Phillip A. Griffith, and Idun Reiten. Trivial extensions of abelian
categories. Lecture Notes in Mathematics, Vol. 456. Springer-Verlag, Berlin-New York,
1975. Homological algebra of trivial extensions of abelian categories with applications
to ring theory.
[6] Alex Heller. The loop-space functor in homological algebra. Trans. Amer. Math. Soc.,
96:382–394, 1960.
[7] Alex Heller. Stable homotopy categories. Bull. Amer. Math. Soc., 74:28–63, 1968.
[8] Mitsuo Hoshino. On dominant dimension of Noetherian rings. Osaka J. Math.,
26(2):275–280, 1989.
[9] Alex Martsinkovsky and Dali Zangurashvili. The stable category of a left hereditary
ring. J. Pure Appl. Algebra, 219(9):4061–4089, 2015.
(Kvamme) Laboratoire de Mathe´matiques d’Orsay, Univ. Paris-Sud, CNRS,
Universite´ Paris-Saclay, 91405 Orsay, France
E-mail address: sondre.kvamme@u-psud.fr
(Marczinzik) Institute of algebra and number theory, University of Stuttgart,
Pfaffenwaldring 57, 70569 Stuttgart, Germany
E-mail address: marczire@mathematik.uni-stuttgart.de
